Summary. Smooth Deligne cohomology groups can be thought of as gauge transformation groups of "higher abelian gerbes". For a compact oriented Riemannian manifold of dimension 4k + 1, the smooth Deligne cohomology has certain projective unitary representations. We account for a meaning of these representations in a context of a field theory.
Introduction
The gauge transformation group of a principal U (1)-bundle over a smooth manifold M is naturally isomorphic to the group C ∞ (M, U (1)) of U (1)-valued smooth functions on M , and is identified with the free loop group LU (1) in the case of M = S 1 . The smooth Deligne cohomology groups ( [2, 5, 7] ) of M generalize C ∞ (M, U (1)), so that we can think of them as generalizations of LU (1) .
We notice that the idea of regarding smooth Deligne cohomology groups as generalizations of loop groups is natural from a viewpoint of "higher gerbes". The notion of gerbes was introduced by Giraud [12] . One can think of gerbes as fiber bundles whose fibers are categories. Similarly, one can think of 2-gerbes, due to Breen [1] , as fiber bundles whose fibers are so called 2-categories. At present, formulating general "higher gerbes" rigorously may remain as an issue to be studied. However, a cohomological argument allows us to grasp an outline of "higher abelian gerbes". By the help of the argument, we can deduce that smooth Deligne cohomology groups realize "gauge transformation groups of higher abelian gerbes", so that they provide generalizations of ordinary gauge transformation groups as well as loop groups. (A more detailed discussion of this deduction is given in [14] .)
As is well known, loop groups of compact Lie groups have certain projective representations with nice properties, positive energy representations [21] . As a generalization of positive energy representations of LU (1), the no-tion of admissible representations of smooth Deligne cohomology groups was introduced and classified in [15] : In the case of k = 0 and M = S 1 , admissible representations of G(
give rise to positive energy representations of LU (1) of level 2, and vice verse. We can readily see that Theorem 1.1 recovers the classification of positive energy representations of LU (1) of level 2, ( [21] ).
Originally, Theorem 1.1 stemmed from a work generalizing the WessZumino-Witten models. In a formulation of the models, loop groups and their representations play some basic roles ( [10, 22] for example). Hence a natural strategy for a generalization is to generalize representation theory of loop groups. As is mentioned, smooth Deligne cohomology groups provide generalizations of the loop group LU (1). Thus, representation theory of smooth Deligne cohomology groups arises as a key subject. The aim of this article is to give and study a field theory in 4k + 2 dimensions in the context according to the motivation above. The theory will lead us to study representations of smooth Deligne cohomology groups.
We notice that the field theory in this article is a generalization of theory of free scalar fields in two dimensions, rather than the Wess-Zumino-Witten models. So, our theory may better be regarded as a toy model of further nonabelian generalizations. However, the theory has some relationship to theory of chiral (or self-dual) 2k-forms on (4k + 2)-dimensional spacetimes [8, 17, 23] . In the case that k = 1 and M is a certain 5-dimensional manifold, we can find a natural one to one correspondence between the representation spaces of irreducible admissible representations of G(M ) and the quantum Hilbert spaces in the theory of chiral 2-form on R × M investigated by Henningson [17] . In a context of theory of chiral 2k-forms, projective representations of G(M ) are also examined in a recent work of Freed, Moore and Segal [8] . In contrast with our admissible representations, their representations generalize positive energy representations of LU (1) of level 1.
The organization of this article is as follows. In Section 2, we recall the definition of smooth Deligne cohomology and its properties. In Section 3, we regard a smooth Deligne cohomology class as a field, and introduce a field theory in 4k + 2 dimensions giving an action functional. Since our field theory is quite similar to the Wess-Zumino-Witten models, we study it along the lines in [10, 11] , which will motivate us to consider representations of smooth Deligne cohomology groups. Then, in Section 4, we deal with representations of smooth Deligne cohomology groups. A relationship with Henningson's work is also explained here. At the end of this section, we consider an analogy of the space of conformal blocks in the Wess-Zumino-Witten models mimicking the construction in [22] .
Smooth Deligne cohomology
We give here the definition of smooth Deligne cohomology groups, and summarize some basic properties. For the details, we refer the reader to [2, 5, 7] . We also introduce a complexified version of smooth Deligne cohomology groups for later convenience. 
Definition and property
where Z is the constant sheaf located at degree 0 in the complex, and A p is the sheaf of germs of R-valued p-forms on X.
We remark that the smooth Deligne cohomology group H q (X, Z(q) ∞ D ) is naturally isomorphic to the group H q−1 (X, R/Z) of differential characters invented by Cheeger and Simons [3] . (See [2, 7] 
where A q (X) is the group of q-forms on X, and
To describe δ and χ more explicitly, we take a good cover U = {U α } of X, and represent a cohomology class f ∈ H q (X, Z(q) ∞ D ) by aCech cocycle:
The differential forms dω
For example, in the case of q = 1, we have the natural isomorphism
In the case of q = 2, the smooth Deligne cohomology
is isomorphic to the group of isomorphism classes of principal U (1)-bundles with connection over X. Under this identification, the homomorphism δ assigns to a principal U (1)-bundle with connection (P, A) the 2-form A similar story exits in the case of q = 3, and theory of (abelian) gerbes ( [2, 19, 18] ) arises. For treatment in the case of general q, we refer the reader to [6, 9, 20] .
For later convenience, we introduce a complexified version of the smooth Deligne cohomology
Definition 2.3 For a non-negative integer q and a smooth manifold X, we denote by
) the pth hypercohomology of the complex of sheaves:
where A q C is the sheaf of germs of C-valued differential q-forms.
We can easily see the natural isomorphism
Similarly, there also exists a natural isomorphism between H 2 (X, Z(2) ∞ D,C ) and the group of isomorphism classes of principal C * -bundles with connection over X.
The cohomology group
has properties similar to that in Lemma 2.2. In particular, we have the following exact sequences:
where A q (X, C) is the group of C-valued q-forms on X, and A q (X, C) Z the subgroup of closed integral q-forms.
Cup product and integration
As in the case of ordinary cohomology, smooth Deligne cohomology also has the operations of cup product and integration.
The cup product in smooth Deligne cohomology ( [2, 7] ) is a natural homomorphism:
On the level ofCech cocycle, the cup product is expressed as:
In general, the cup product is graded commutative and associative:
In addition, we have:
For the integration in smooth Deligne cohomology to be defined, we assume that X is compact, oriented and d-dimensional (see [11, 14, 16] , for example). Under the assumption, the integration is the natural homomorphism:
An explicit definition is as follows: for a good cover U = {U α } α∈A of X, we let (K, φ) be a pair consisting of a triangulation K of X and a map φ : K → A such that σ ⊂ U φσ for all σ ∈ K. Then the integration is given by:
Lemma 2.4 ([14]) Let X be a compact oriented smooth d-dimensional manifold without boundary. (a) Let p and q be non-negative integers such that
In particular, we have
, there are corresponding notions of cup product and integration. For example, the integration is a natural homomorphism:
where X is assumed to be a compact oriented smooth d-dimensional manifold without boundary. The cup product and the integration in
A field theory
We introduce a field theory of smooth Deligne cohomology classes on (4k + 2)-dimensional manifolds. We study some nature of the theory along the lines in the study of the Wess-Zumino-Witten models [10, 11] . Some of the statements in this section can be found in [14, 15] , where the viewpoint of field theory is rather suppressed.
In the following, we take and fix a non-negative integer k. We put
Action functional
Let W be a compact oriented (4k + 2)-dimensional Riemannian manifold (possibly with boundary). We consider smooth Deligne cohomology classes f ∈ G(W ) C as fields. The homomorphism δ : G(W ) C → A 2k+1 (W, C) Z plays the role of differential. Now we introduce the action functional of our theory, fixing an integer : C) is the Hodge star operator.
The action of the Hodge star operator * on A 2k+1 (W, C) obeys * * = −1. If we introduce the homomorphisms δ
then we can write the function E W as
Note that, on the subspace
, we cannot perform the eigenspace decomposition with respect to * . This is the main reason that we use the complexified version
In the case where k = 0 and W is a compact oriented 2-dimensional Riemannian manifold, we have the identifications
we recover the standard functional of scalar fields in two dimensions.
Notice that the Riemannian metric on W makes it into a Riemann surface. It is easy to see the identifications δ + = ∂ and δ − =∂. Hence we also have the expression E W (f ) = 2 πi W ∂f ∧∂f .
Equation of motion
To derive the equation of motion from the functional, we begin with some comments on Lie group structures on G(W ) and G(W ) C : we can make G(W ) into an infinite dimensional Lie group whose Lie algebra g(W ) is the vector space g(W ) = A 2k (W )/d(A 2k−1 (W )) with the trivial Lie bracket. The exponential map exp : g(W ) → G(W ) is given by the following composition of homomorphisms:
In a similar way, we can also make G(W ) C into a complex Lie group. As the notation indicates, G(W ) C gives rise to a complexification of G(W ). We now compute the equation of motion for E W to obtain:
Lemma 3.2 A Deligne cohomology class f ∈ G(W ) C such that δ(f )| ∂W = 0 is a critical point of E W if and only if f satisfies:
where
Proof. We compute
which implies the lemma.
We note that f ∈ G(W ) C always satisfies the equation dδ(f ) = 0. Thus, in the case where W has no boundary, f is a solution to the equation of motion if and only if δ(f ) is a harmonic form. So Lemma 2.2 allows us to identify the space of solutions with 
In the case of k = 0 and W is a Riemann surface, G(W ) 
Analogy of the Polyakov-Wiegmann formula
The action functionals in the Wess-Zumino-Witten models obey the so-called Polyakov-Wiegmann formula. There is a similar formula for the functional
Lemma 3.4 Suppose that ∂W = ∅. For f, g ∈ G(W ) C we have:
Proof. A straight computation gives:
Since is taken to be an integer, we have W δ(f ) ∧ δ(g) ≡ 0 in C/Z under the present assumption on W .
The point in the above proof is that W has no boundary: if W has a boundary, then W δ(f ) ∧ δ(g) is not necessarily an integer. To take into account contributions of the boundary, we introduce a complex line bundle.
Definition 3.5 Let M be a compact oriented (4k + 1)-dimensional smooth manifold (without boundary). (a) We define the line bundle
by using the cup product and the integration in smooth Deligne cohomology.
Lemma 3.6 Suppose that ∂W = ∅. For f ∈ G(W ) C we define an element
e EW (f ) ∈ L ∂W by e EW (f ) = (f | W , exp E W (f
)). Then we have:
Proof. By means of Lemma 2.4 (b), we have
Now this lemma follows from the formula in the proof of Lemma 3.4.
Central extension
The product structure on L M induces a group multiplication on the complement L M \{0} of the image of the zero section. We denote the group bỹ
By restriction, we also obtain the central extensionG(M ) of G(M ):
We can express the group multiplication inG
where In [14] , the proof in the case of = 1 is given. We can easily generalize the proof to the case of = 0. The central extensionG(M ) C is also non-trivial, since it is a complexification ofG(M ).
As an example, we consider the case of k = 0 and M = S 1 . In this case, G(S 1 ) ∼ = LU (1) as mentioned, and we haveG(S 1 ) ∼ = LU (1)/Z 2 , where LU (1)/Z 2 is the universal central extension of LU (1), ( [21] ).
Toward the quantum theory
To approach the quantum theory, we appeal to a heuristic method by using path integrals. In the case of ∂W = ∅, we may describe the partition function of our theory as:
where DF is a formal invariant measure on G(M ) C . In the case of ∂W = ∅, the probability amplitude e EW (F ) is formulated as an element in L ∂W . Hence the path integral gives the section Z W ∈ Γ (L ∂W ) by
On a formal level, we can reconstruct the partition function for a (4k + 2)-dimensional manifold W without boundary from the above sections by cutting W along a submanifold M of dimension 4k + 1. This suggests that the space of sections Γ (L M ) contains the quantum Hilbert space of our theory, as is in the Wess-Zumino-Witten models [10, 11] .
Symmetry properties of the Wess-Zumino-Witten models serve as clues to culling out quantum Hilbert spaces, and our situation is quite similar to the model: by construction, the central extension 
Representations of smooth Deligne cohomology
In this section, we deal with representations of smooth Deligne cohomology groups studied in [15] . After the statement of the classification, we explain a relationship between the representations and the quantum Hilbert space of a chiral 2-form due to Henningson [17] . We also consider an analogy of the space of conformal blocks in the Wess-Zumino-Witten model.
First of all, we make a general remark: for a compact oriented (4k + 1)-dimensional manifold M , the central extensionG(M ) is constructed by using the group 2-cocycle e 2 πiS(·,·) :
. Hence a representation (ρ, H) ofG(M ) such that the center U (1) acts as the scalar multiplication corresponds bijectively to a projective representation (ρ, H) of G(M ) with its cocycle e 2 πiSM . There is a similar correspondence in the case ofG(M ) C . We use the correspondences freely in the following. If H 2k+1 (M, Z) is torsion free, then the number of the equivalence classes of irreducible admissible representations of level is (2 ) b . The outline of the construction of these (2 ) b irreducible representations is as follows:
Using the Riemannian metric on M , we decompose the subgroup G 0 (M ) as follows:
where 
2. We construct the projective representation (ρ, H) of d * (A 2k+1 (M )). The representation is realized as the representation of the Heisenberg group associated to the symplectic form (·, J·) : V × V → R. The representation space H is a completion of the symmetric algebra S(W ), where W is the eigenspace in V ⊗ C of J with its eigenvalue i. 3. Let X (M ) denote the set of homomorphisms λ :
The projective representations (ρ λ , H λ ) and (ρ λ , H λ ) are equivalent if and only if there is ξ ∈ H 2k+1 (M, Z) such that λ = λ + 2 s(ξ). Here the homomorphism s :
where ξ R is a de Rham representative of the real image of ξ. If H 2k+1 (M, Z) is torsion free, then s is an isomorphism by the Poincaré duality. Thus, among the representations (ρ λ , H λ ), we have (2 ) b inequivalent representations.
For example, we again consider the case of k = 0 and M = S 1 . Then we have the isomorphism G(S 1 ) ∼ = LU (1), and an admissible representation of G(S 1 ) of level gives rise to a positive energy representation of LU (1) of level 2 , and vice verse. This is because the construction of irreducible admissible representations outlined above coincides with that of irreducible positive energy representations given in [21] . The number of the equivalence classes of irreducible positive energy representations of LU (1) of level 2 is 2 , which is consistent with Theorem 4.1.
Relationship to Henningson's work
The irreducible admissible representations in the case of k = 1 have certain relationship to the quantum Hilbert space of a chiral 2-form studied in a work of Henningson [17] . To explain the relationship, some notations in [17] We can prove the proposition above by a straight generalization of the proof in the case of = 1 described in [15] .
We consider here an analogy of the spaces of conformal blocks in the Wess-Zumino-Witten models, generalizing the construction in [22] . Notice that Lemma 3.6 and Theorem 4.1 lead to:
(i) For a compact oriented (4k+2)-dimensional Riemannian manifold W with boundary, the following map gives rise to a homomorphism: If CB(W, λ) were generally finite-dimensional, it could be thought of as a generalization of the space of conformal blocks (or a modular functor [22] ). We refer the reader to [13] for the proof.
